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Inertial eets in nonlinear magneti reonnetion are studied within the ontext of 2D
eletron magnetohydrodynamis (EMHD) with resistive and visous dissipation. Families of
nonlinear solutions for relevant urrent sheet parameters are predited and onrmed nu-
merially in all regimes of interest. Eletron inertia beomes important for urrent sheet
thiknesses δ below the inertial length de. In this ase, in the absene of eletron visosity,
the sheet thikness experienes a nonlinear ollapse. Visosity regularizes solutions at small
sales. Transition from resistive to visous regimes shows a nontrivial dependene on resis-
tivity and visosity, featuring a hysteresis bifuration. In all aessible regimes, the nonlinear
reonnetion rate is found to be expliitly independent of the eletron inertia and dissipation
oeients.
PACS: 52.30.Cv, 52.35.Vd
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Magneti reonnetion is a fundamental mehanism for magneti energy release in both astro-
physial and laboratory plasmas. It manifests itself as a topologial rearrangement of the magneti
eld lines, followed by a onversion of magneti energy into partile energy, plasma kineti energy
and heat, and is haraterized by the presene of loalized urrent sheets. A long-standing problem
in the theory of reonnetion is to identify the relevant mirosopi mehanisms that render the
proess eient, and to predit the transition from slow [as in resistive magnetohydrodynamis
(MHD)℄ to fast reonnetion [1℄.
Two-uid eets enable fast reonnetion [2℄ in MHD. Ions and eletrons an deouple in their
relative motion within some relevant mirosopi sale, allowing for enhaned reonnetion rates. In
the ontext of the well-known Hall MHD two-uid model, various numerial [3, 4, 5℄ and theoretial
[6, 7, 8℄ eorts have onluded that the transition from slow to fast reonnetion ours when
di > ∆/
√
Sη, where di = c/ωpi is the ion inertial length, ∆ is the harateristi length in the
∗
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Figure 1: Diusion region geometry.
plasma outow diretion, and Sη ≫ 1 is the resistive Lundquist number.
However, qualitative dierenes between theory and omputations remain. In partiular, numer-
ial evidene of a hystereti bifuration, in the transition between resistive and Hall MHD regimes,
has been reported [5, 9℄. Despite substantial progress in the study of the aforementioned transition
[6, 7℄, an explanation for suh strongly nonlinear behavior has remained elusive.
In this Letter, we extend the nonlinear analysis put forth in Refs. [6, 8℄ by inluding nite
eletron inertia. We identify the interplay between eletron inertial eets and dissipation as the
root of the observed hystereti behavior. For simpliity, we restrit our analysis to the eletron
magnetohydrodynamis (EMHD) model [2℄, and use it as a paradigm of the more general Hall MHD
model. In EMHD, the magneti eld is frozen into the eletron uid, while ions are a neutralizing
bakground at rest (vi ≈ 0) within the ion inertial sale length di. Using the stagnation-point
onguration proposed in Refs. [10, 11℄, we desribe the 2D diusion region by replaing the full
EMHD partial dierential equations with a low-dimensional dynamial system (few time-dependent
ODEs) and study its steady-state properties. In suh a way, we derive families of nonlinear solutions
for the diusion region aspet ratio and the assoiated reonnetion rates.
Nonlinear Redued Model. Expressing the EMHD equations in Alfvéni units with di as the
equilibrium sale length, and retaining eletron inertia orretions, gives [2℄:
∂tB
∗ +∇× (j×B∗) = −η∇× (∇×B) + ηH∇×
(∇×∇2B) , (1)
where B∗ = B + d2e∇ × (∇×B). Here, η and ηH are the dimensionless resistivity and eletron
visosity (or hyper-resistivity), and de =
√
me/mi is the eletron inertial sale length.
Writing Eq. (1) in omponent form, assuming ∂z = 0, gives (with D = η−ηH∇2)
∂tB
∗
x −∇ · (jpB∗x −B∗pjx) = −D(∂2yxBy − ∂2yBx), (2)
3∂tB
∗
y −∇ · (jpB∗y −B∗pjy) = −D(∂2yxBx − ∂2xBy), (3)
∂tB
∗
z + d
2
e (jp · ∇)∇2Bz +Bp · ∇jz = D∇2Bz. (4)
Here, jp = ∇× (Bzz) = −ve, B∗p = (B∗x, B∗y), and B∗z = Bz − d2e∇2Bz.
To proeed, we follow Refs. [8, 12℄ and onsider a retangular 2D reonnetion (diusion) region
of dimensions δ and w (Figure 1). We dene the upstream and downstream magneti elds as
B˜x = xˆ · B(0, δ/2) and B˜y = yˆ · B(w/2, 0), and dene the disrete ow stream funtion B˜z =
−zˆ · B(w/2, δ/2). Consequently, the inow and outow veloities are given by vy,e = −2B˜z/w
and vx,e = 2B˜z/δ, respetively. Then, we disretize Eqs. (2)-(4) at (x, y) = (0, δ/2), (w/2, 0), and
(w/2, δ/2), respetively. Using ∂x ∼ 1/w, ∂y ∼ 1/δ to nd B·∇jz ∼ −(B˜x/w+B˜y/δ)(B˜y/w−B˜x/δ),
and (jp · ∇)∇2Bz ∼ B˜
2
z
δw
[
1
δ2 − 1w2
]
, we obtain a set of equations for B˜x, B˜y, and B˜z (dropping tildes
and numerial fators of order unity for simpliity):
B˙∗x −
δ˙
δ
B∗x −
BzB
∗
x
δw
= D(δ, w)
(
By
δw
− Bx
δ2
)
, (5)
B˙∗y −
w˙
w
B∗y +
BzB
∗
y
δw
= D(δ, w)
(
Bx
δw
− By
w2
)
, (6)
B˙∗z −B∗z
(
w˙
w
+
δ˙
δ
)
+
(
Bx
w
+
By
δ
)(
By
w
− Bx
δ
)
= −D(δ, w)
(
1
δ2
+
1
w2
)
Bz +
d2e
δw
B2z
(
1
w2
− 1
δ2
)
,
(7)
where D(δ, w) = η+ηH(δ−2+w−2), B∗x = Bx+d2e(Bx/δ2−By/δw), B∗y = By+d2e(By/w2−Bx/δw),
B∗z = Bz + d
2
e(δ
−2 + w−2)Bz, and the overdot denotes time derivative.
Steady-state Solutions and Reonnetion rates. Fixed points of Eqs. (5)-(7) provide insight
into the intrinsi limitations of reonnetion rates at nonlinear saturation [8, 12℄. Setting time
derivatives to zero, and introduing the parameters dˆe =
de
δ and ξ =
δ
w , we obtain from Eqs. (5)
and (6) By/Bx = ξ (1 + 2dˆ
2
e)/(1 + 2dˆ
2
eξ
2) , and Bz/
√
2Bx = S
−1(ξ−1 − ξ)/
[
1 + dˆ2e(1 + ξ
2)
]
. Here
S−1 = S−1η + S
−1
H (ξ
−2 + 1) is the inverse of the eetive Lundquist number, with Sη =
√
2Bx/η
and SH =
√
2Bxw
2/ηH . Using these relations in Eq. (7), gives the equation for the diusion region
aspet ratio ξ(S, dˆe):{
1 + dˆ2e(1 + ξ
2)
1 + 2dˆ2eξ
2
}2
=
1
S2
{
1 +
1
ξ2
+
dˆ2e
1 + dˆ2e(1 + ξ
2)
(
ξ2 − 1
ξ
)2}
. (8)
4In the massless eletron limit (de ≡ 0), Eq. (8) reovers solutions obtained in Ref. [8℄.
The reonnetion rate, dened as the eletri eld in the ignorable diretion at the X-point
(x = y = 0 in Fig. 1), is given by Ez = Djz|X , where jz |X = (Bx/δ−By/w) is the urrent density.
Using the previous results in this expression for the reonnetion rate gives:
Ez =
√
2S−1
B2x
w
ξ−1 − ξ
1 + 2dˆ2eξ
2
. (9)
From Eq. (9) it is evident that, for given Bx and w, large eletri elds Ez preferentially our for
ξ2 ≪ 1. We onsider this limit next. For simpliity, we also assume 2dˆ2eξ2 = 2(de/w)2 ≪ 1, whih
is true for small enough de. Then, sine (1 + 2dˆ
2
e)/(1 + dˆ
2
e) ≈ O(1) for any dˆe, Eqs. (8) and (9)
simplify to beome
ξ ≈ S−1 1
1 + dˆ2e
, (10)
Ez ≈
√
2
B2x
w
(
1 + dˆ2e
)
. (11)
Visous regime (ηH > 0, η = 0). Rewriting ξ = de/(dˆew) in Eq. (10) gives
1
dˆ3e
+
1
dˆe
≈
(
w
de
)
ηH√
2Bxd2e
≡ η∗H , (12)
whih implies δ/de ∼ (η∗H)1/3 for dˆe < O(1) (magnetized regime), and δ/de ∼ η∗H for dˆe > O(1)
(inertial regime). These salings have been numerially validated and will be disussed later in this
Letter. In partiular, in the magnetized regime, δ ∼ (ηHw/
√
2Bx)
1/3 > de. In the inertial regime,
as disussed in Ref. [12℄, the plasma is demagnetized within the inertial sale and the bulk urrent
thikness is determined by de, so that jz|X ≈ 2Bx/δ ≈ 2Bex/de , where Bex ≡ xˆ · B(0, de/2) is the
magneti eld upstream of the inertial region. Then, δ ≈
√
ηHw/(
√
2Bexde) < de desribes the
radius of urvature of the urrent sheet at x = 0, whih sets the reonnetion rate. Employing these
expressions for δ in Eq. (11) gives for the reonnetion rate:
Ez ≈
√
2
B2x,max
w
, (13)
where Bx,max = max[Bx, B
e
x] is the magneti eld at the upstream boundary of the indued urrent
jz. Note that the reonnetion rate in the visous regime is not an expliit funtion of eletron
visosity [8℄ or inertia [13℄ and is therefore potentially fast. This result implies that eletron physis
is enabling fast reonnetion, while, as already suggested in Ref. [13℄, ion inertia an eventually
limit it (in fat, for arbitrary di and in the Hall MHD regime, E
Hall
z ≈ Ezdi [6, 7, 14℄). Unlike
5the massless ase de ≡ 0, eletron inertia limits the eletron outow veloities at the inertial sale
length de by vx ≈ Bz/δ ∼ Bx/δ ≤ Bx,max/de ≡ VA,e, the eletron Alfvén speed, as expeted.
Resistive regime (η > 0, ηH = 0). Rewriting ξ = de/(dˆew) in Eq. (10) gives
1
dˆe
+ dˆe ≈
(
w
de
)
η√
2Bx
≡ η∗. (14)
Equation (14) features a saddle-node bifuration with a threshold in the parameter η∗, suh that
steady-state solutions for dˆe (or δ) exist only for η
∗ ≥ 2. In the magnetized regime [dˆe < O(1)], we
nd a single solution δ = ηw/(
√
2Bx) > de [8℄, and the reonnetion rate is given by Eq. (11), with
dˆe → 0. As in the visous regime, the eletron outow veloity is limited by the eletron Alfvén
speed. In the inertial regime [dˆe > O(1)], we nd δ ≈
√
2Bxd
2
e/(ηw) whih, after substituting
Bx = B
e
x
δ
de
, results in de = ηw/(
√
2Bex) for any δ < de. Thus, the quantity δ is not determined and
an reah arbitrarily small values below de. This is a onsequene of the fat that small resistivities
annot set a dissipative length sale when inertia is important. Indeed, if we introdue Ψ(x, y, t)
suh that Bp = z×∇Ψ, then Eq. (1) gives [2℄ ddt
(
Ψ− d2ejz
)
= ηjz, with d/dt ≡ ∂t + ve · ∇, and
jz ≡ ∇2Ψ. WhenΨ < d2ejz, i.e. δ < de, we nd ddt
[
e
η
d2e
t
jz(x, y, t)
]
≈ 0. This is a hyperboli equation
for jz, whih annot set a dissipative sale, thus it annot prevent the ollapse of the urrent sheet
thikness to zero below de. This result implies that, in the resistive regime, the reonneting system
will experiene a loss of equilibrium when the parameter η∗ beomes suiently small, resulting in
a transition to another state. The nature of this new state ritially depends on whether visosity
is present or not.
Hysteresis bifuration. Equations (12) and (14) are valid in the asymptoti limits η ≡ 0 and
η∗H ≡ 0, respetively. The general steady-state solution for the urrent sheet thikness, for nite η,
ηH , and de, is obtained from Eq. (10) as δˆ
3 − η∗δˆ2 + γ2δˆ − βη∗H = 0, with δˆ ≡ δ/de. Here, we have
introdued the empirial oeients γ and β to take into aount multipliative numerial fators of
O(1) negleted in the derivation of Eqs. (5)-(7). This equation is known as the universal unfolding
of the pithfork bifuration of odimension 2 [15℄. It an be shown that the equilibrium manifold
features hysteresis for η∗H .
(
γ/
√
3
)3
/β.
Numerial Validation. We employ the magneti island oalesene instability to validate pre-
ditions of the model. The ideal-MHD-unstable equilibrium is given by the magneti ux funtion
Ψ(x, y, t) = −λ log [cosh (xλ)+ ǫ cos ( yλ)] [4℄, where λ = 1/2π is the equilibrium harateristi
length sale, and ǫ = 0.2 is the island width. Results are obtained by performing a series of non-
linear 2D simulations [4℄ varying η, ηH , and de. Values for δ, w, Bx are measured at the instant of
6Figure 2: δ/de at the time of maximum reonnetion rate as a funtion of η
∗
H = w/(
√
2Bxd
3
e) from nonlinear
simulations. The transition to the inertial regime δ/de < 1 happens at δ/de ∼ O(1) and η∗H ∼ O(1).
maximum reonnetion rate, when the proess saturates non-linearly, and a urrent sheet is already
formed between the two oalesing islands (at y = 0 along the x-diretion). The downstream length
w is evaluated at the point of maximum outow, Bx is measured upstream at (0, δ/2), and the
urrent sheet thikness δ = 2
√
2 log 2 y∗ is found as the full width at half maximum, where y∗ is
dened from ∂2yjz
∣∣
x=0,y=y∗
= 0 [12℄.
In the visosity-dominated regime, the salings from Eq. (12) must hold, and this is what we nd
numerially. In Fig. 2, we show δ/de plotted against the normalized visosity η
∗
H = ηHw/(
√
2Bxd
3
e)
for η = 10−5, 7.63 × 10−7 ≤ ηH ≤ 7.63 × 10−6, and 5 × 10−3 ≤ de ≤ 2.25 × 10−2. Both salings
δ/de ∼ (η∗H)1/3 for δ/de > O(1) and δ/de ∼ η∗H for δ/de < O(1) are identied, and the transition
ours at δ/de ∼ O(1) and η∗H ∼ O(1), as expeted. Numerially, we nd 0.55 < ENumz < 0.62,
whih agrees with the predition of Eq. (11) within a fator of two.
In the resistive regime, Eq. (14) predits the absene of a steady-state solution for values of
resistivity suh that η∗ ≤ O(1). In this ase, numerial simulations indiate that the urrent
density develops an arbitrarily thin sub-de nonlinear sale, as shown in Fig. 3. A similar behavior,
onjetured by Wesson [16℄, was rst understood in the framework of nonlinear ollisionless tearing
modes [17℄. When the threshold ondition η∗ ≥ O(1) holds, two resistive steady-state nonlinear
solutions for urrent layers are found for a ertain range of η∗ (and one otherwise). The blak
dots in Fig. 4 are resistive results from nonlinear simulations with ηH ≡ 0, η = 5 × 10−2, and
10−2 ≤ de ≤ 2.25 × 10−2. The dashed line is the solution of Eq. (14) rewritten for δˆ ≡ δ/de,
2δˆ = η∗ ±
√
(η∗)2 − 4γ2, where numerially we nd γ = 1.65. In this ase, we observe that
the minimum value δmin ≈ de for the numerially obtained urrent thikness is always suh that
δ & de, as explained before. When δ & de holds, two steady-state solutions for δ are possible for
7Figure 3: Example of nonlinear ollapse of the urrent sheet in the resistive regime. Here η = 5 × 10−3,
di = 1, ηH ≡ 0, and de = 2.25× 10−2 ≈ 1836−1/2.
Figure 4: Current sheet thikness δˆ ≡ δ/de at the time of maximum reonnetion rate as a funtion of
η∗ = wη/(
√
2Bxde). The dots are for ηH ≡ 0, η = 5× 10−2, and 10−2 ≤ de ≤ 2.25× 10−2. The rosses are
for de = 2.25× 10−2, and 10−2 ≤ η ≤ 7× 10−2, with ηH = 2.29× 10−6. The squares are for de = 2.5× 10−2,
and 10−2 ≤ η ≤ 5 × 10−2, with ηH = 10−7. The dashed, solid, and dotted lines are solutions of Eq. (10),
δˆ3 − η∗δˆ2 + γ2δˆ = βη∗H , with γ = 1.65, β = 9, and η∗H = η∗ηH/(ηd2e).
2γ < η∗ < 1 + γ2, and the quantity δ/de is not single-valued in η
∗
(see Fig. 4).
The presene of eletron visosity regularizes the urrent density for δ . de, and η
∗ . 2, allowing
for a nonlinear steady-state urrent prole with nite thikness. As explained earlier, the transition
between resistive and visous regimes is nontrivial. It depends strongly on η∗H , and exhibits hysteresis
for η∗H ≈ 3.6 × 10−2 <
(
γ/
√
3
)3
/β ≈ 0.11 (squares in Fig. 4), and the lak thereof for η∗H ≈
2.4× 10−1 > 0.11 (rosses in Fig. 4). We note that the numerial solution seems to be able to map
all branhes of the S-urve. This is likely due to the fat that the island oalesene problem is
highly dynami, and the system survives a very short time at the point of maximum reonnetion
8rate. A areful study of the stability properties of the bifurated equilibrium manifold is left for
future work.
In onlusion, we have extended reent steady-state nonlinear reonnetion theory [6, 8℄ to inlude
the eet of eletron inertia and to study its interplay with dissipation parameters. In the absene of
eletron visosity, for suiently small resistivities, we have onrmed earlier observations of urrent
sheet ollapse [16, 17℄ and provided, for the rst time, a nonlinear threshold for suh behavior.
Eletron visosity regularizes the urrent layer at small sales and allows the system to ahieve a
nonlinear steady-state in both inertial (δ . de) and magnetized (δ & de) regimes. The transition
from resistive to visous regimes shows a nontrivial dependene on resistivity and visosity. For
suiently small visosities and for a range of resistivities, three dierent states are available for
δ/de (see Fig. 4). Thus, we onlude that eletron physis is responsible for earlier numerial
evidene of hysteresis [5, 9℄. We note that this fat may have been obsured by unrealistially small
di/de ratios employed in previous simulations. Finally, in all aessible regimes, the maximum
reonnetion rate is formally independent of eletron inertia and both dissipation oeients.
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